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Abstract—Added-mass (a) and damping coefficienis () of a tethered spherical floal.
undergoing oscillatory motion in sinusoidal waves. have been derived from the motion generated
velogity potential for one degree-of-frecdom (surge) using potential flow theory. Variations of
added-mass and damping coetficients with respect to water depth, wave period and float size
have been obtained. Variations of added-mass and damping coefficients with wave period show
that these hydrodynamic coetficients are frequency dependent, and this is because motion
gencrated velocity potential is associated with the generation of surface gravity waves by the
oscillating float. The added-mass and damping coefficients are unaffected by water depth, but
increase with size of the float, Natural and resonant frequencies of the tethered float are
computed for a wide range of wave periads using a and g values. Theoretical values of natural
period of oscillation of the Hoat agree closely with the experimental values.

NOMENCLATURE
A, wave amplitude
., immersed portion of the cross-sectional contour of the float
d water depth
d, depth of submergence of float
ds elemental area
Fu hydrodynamic force due to surge motion
f. amplitude of wave force
g acceleration due to gravity
H wave height
j V-1
k wave number
! tether length
# mass of the float
A, x-component of unit normal vector
R radius of the float
T wave pertiod
.. T, natural and resonant periods of the float. respectively
{ time
X, &, X floar displacement, velocity and acceleration, respectively
X, complex amplitude of float displacement
o added-mass
B damping coefficient
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Y wave length

p sea water mass density

by motion generated velocity potential

w radian frequency

v, W, natural and resonant radian frequencies of the float, respectively.

1. INTRODUCTION

THE NEED for accurate estimation of hydrodynamic forces for the economic design of
offshore structures has created considerable mathematical and experimental interest in
ocean engineering. Added-mass {«) and damping coefficients (B) are important par-
ameters to determine the amplitude of motion of any offshore structure. Dynamic
characteristics of the offshore structures could be well studied if these hydrodynamic
coefficients are accurately predicted. The added-mass represents the entrained mass of
water surrounding the body which moves with the submerged body. It depends on the
size and shape of the body, direction of motion, wave period and boundary conditions.

Considerable work has been carried out in previous years to compute added-mass
and damping coefficients of particular body forms as functions of frequency. For
example, Kim (1965) has determined « and § for a semi- elhpsmda] body with its origin
on the free surface in water of infinite depth. Chung (1976) has developed a method
to compute hydrodynamic forces for floating bodies using potential flow theory. Frank
(1967) conducted a series of experiments to determine the two-dimensional added-mass
and damping coefficients including the free surface effect and to check the validity of
the prediction by potential flow theory. Newton er af. (1974) and Newton (1975) have
presented FEM solution for these coefficients for hull forms of body. Chung (1977)
has presented added-mass and damping coefficients as functions of frequency. direction
of oscillation and depth of submergence. In his study the body was forced to sway and
heave sinusoidally with small amplitudes for several depths of submergence. Hanif
(1983) determined these hydrodynamic coefficients using FEM and compared his results
with other investigators. In the present study, added-mass and damping coefficients.of
a tethered spherical float are determined using potential flow theory.

2. FORMULATION OF THE PROBLEM

A single tethered spherical float, undergoing escillatory motion in an inviscid and
incompressible fluid and irrotational flow has been considered for the theoretical
analysis. Linearity is assumed throughout the analysis. The analysis has been carried
out in two-dimensional cartesian coordinate system with the xy-plane parallel to the
sea surface. Due to float—fluid interaction, the following three forces can be expected:
(1) the pressure force exerting on the float by the.incident waves, represented by
incident wave potential, (2) the force resulting from the disturbance of the incident
waves by the body, represented by diffraction potential and (3) the force resulting from
the motion of the body computed as though it undergoes the same-motien in calm
water, represented by motion generated velocity potential. As-the flaat size is small
compared to wave length diffraction potential is neglected. Added-mass and damping
coefficients are computed from the motion generated velocity potential, using potential
flow theory. In potential flow theory the flow can be characterised by a. velocity
potential function which satisfies the Laplace equation. Milgram (1976) -and Garrison
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(1978) have discussed the validity of this assumption in calculating wave loads on
oftshore structures.

The part of the wave energy which is supplied (o the float by the incoming waves
will be utilised to gencrate new waves. This motion gencrated disturbance is equal fo
the disturbance generated by the float with the same motion in otherwise calm water.
The velocity patential of the disturbance at the surface (z = 0) may be written according
10 Lamb (1945) as

das (-’&'-,\"J) =dy- Vi

= Re {d)M (l‘v.\’) (_ijnei'jw')} ( 1)
where
Re = “real part of”
$n, = motion generated velocity potential
Vi =X = —jox,e ™ (2)
j =V-1
w = radian frequency
¥, = amplitude of float motion
V,, — float velocity.

db,, can be writlen as

brr = bare: T JDass {3)

where baze- and by, = real functions.
Using the linearised Bernoulli's equation and following Lee (1976), hydrodynamic
force due to surge motion (F,,) can be expressed as

'y = Re {p (’J:on (bare + Jbass) myds e/ (4)
<,
where
p = sca water density
¢, = cross-scctional contour of the float
#, = x-component of unit normal vector
ds = elemental area.

Also, the motion-dependent force (Fy,) is proportional to the float response and can
be writtcn in terms of added-mass and damping coefficients as

Fyy— — (a¥+Bx) (5)

where
¥ = — w x,e /" = float acceleration.

Substituting ¥ and ¥ in Equation (5)
F. = Re {{0?a + juB) x,c 7} . (6)

Comparing Equations (5) and (6)
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fx=p[ bage- 1y ds (7
("(I

B PwJ’C Dars nads. (8)
Determination of added-mass and damping coefficients from the motion generated
velocity potential is a boundary value problem and the solution is obtained by solving
the boundary conditions using Green’s function method. The boundary conditions are
as follows:

(i) the classical Helmholtz equation,

V2 + Koy =0

where k = wave number (2w/A)
(i) for small amplitude motion, the linearized dynamic boundary condition at the
free-surface,
azd).u + dd)M

o g a7 = on z=0

(iii) the Sommerfeld radiation condition,

lim r? (9@—--- - ;kd)M) =

[ ad

where r = Vx2 + y? is the radial distance from the origin, and
(iv) the boundary condition on the body surface,

3 dus

=R
an

where n is the unit normal vector.

3. ESTIMATION OF MOTION: GENERATED VELOCITY POTENTIAL

From the geometry of Fig. 1, the motion generated velocity potential ¢an be com-
puted. Following the well-known Weber’s solution (Harms, 1979), the motion generated
velocity potential at any point on the float surface can be written as

j 6H}, kr A5

oulQnls)) =4 J () 55 — bk ") < 6,009
L85
(G/2m) ' (9)
where '

da(Q.m(5)) = motion generated velocity potential at a point (0, on the

surface '
dards) = motion generated velocity potential on thercurve C,-

Hi(kr) =1, (kr) +jY, (kr) | _ (10)
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P Curve C,

— X

Fia. 1. Definition sketch for motion generated wave potential,

Hankel function of the first kind and zeroth order

where
J, = Bessel function of the first kind and zeroth order
Y., = Bessel function of the second kind and zeroth order.
aH! (k
Mo (KT _ o  or 7 0 (11)
an
where
J, = Bessel function of the first kind and first order

Y, = Bessel function of the second kind and first order

r=V{(x,, — x) + (¥, — v, )? = distance between Q,, and O,
ds = incremental arc length on the body curve ¢, .

b ae(s) _

an fiy = sin @ (12)

and & = included angle at the point Q,, on the boundary.
Substituting Equations (3) and (10)-(12} in Equation (9) and separating into real
and imaginary parts, we obtain

/ Vook
barcl Qm(b')) (1 - 2l|;_) = 4J‘ (Dare Yi(kr) = dpys Ji(kr))r ds

\
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+i J (Y,(kr)sin®)ds .
and
5@l (1= ) =4 [t itk - buctthkryr o
M\ 2, = 4 . D Yi{kr) — dbye l( 7’))!‘ 5
I N .
—.f (J,(kr)sin 0)ds . (14)
4 e

The cross-section of the float is divided into equal segments by choosing points at equaj
intervals. The sum of the motion generated velocity potentials at these points gives the
total potential, and this is resolved into real and imaginary parts, dpe and by,
respectively. Using these estimated values of &y, and ¢4, in Equations (7) and (8,
the added-mass and damping coefficients are computed.

4. RESULTS AND DISCUSSION

As the added-mass is in phase with the motion-and damping coefficient out of phase
with the motion, they greatly influence the motion characteristics of the tethered float.
Variations of a and B with wave period (T) are shown in Fig. 2. The results of that
figure show that o decreases rapidly with an increase in wave period up to 8 sec, and
thereafter increases. But § initially increases and then decreases slowly with an increase
in wave period. These variations indicate that both a and B are frequency dependent,
and this is because motion generated velocity potential is associated with the gereration
of surface gravity waves by the oscillating float. The results in Fig. 3 show that both «
and B increase gradually with respect to size of the float. Note: « and B do not change
with water depth.

H=10m, T=6.05,d=|0.0m; dg=0.25m
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Frg. 2. Variation of added-mass and damping coefficients with wave period.
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H=1.O m;R=[.2m; d=10.0m,dg=0.25m
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Fio, 3. Variation of added-mass and damping coctficients with float size.

"The non-dimensionalised added-mass (& = a/m) and damping coefficients
(# = B/wm) are both computed and presented in Fig. 4 to demonstrate their relative
variations with respect to wave frequencies. Wave lengths (N) in the range of 11-77
times the radius of the floats (A = 14-92 m) are considered, as this is the range of
wave lengths very often prevailing in coastal waters. Variations of & and 8 are similar
to those of o and B and it is significant to note that B remains constant for larger
periods and dies out at lower periods.

A floating system experiences two types of damping. namely material and hydrodyn-
amic. The material damping is generally small and neglected in the analysis. Therefore,
the resonant response of the floating object is limited only by the amount of hydrodyn-
amic damping present in the system. Furthermore, the natural and resonant frequencies
are dependent on tether length (/) as well as added-mass and damping coefficients of
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TG, 4. Variation of non-dimensionalised added-mass and damping coelficients with wave length.
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TABLE 1. NATURAL AND RESONANT PERIODS (d = 10.0m, R = 12 m. H=10m,d =4 > m i = 735 m
T (sec) o B w,, 7, {sec) w, LR
3 (0,34 0.02 1.00 6.28 |.00 [ERpks
4 0.23 0.15 1.04 .04 1.02 RIS
5 015 0.18 1.08 3.81 1.0 0.0
6 .09 .19 1.1 3.66 1.7 R8T
7 0.04 0,19 1.13 5.560 1.0 Sh
R 0.01 1% 115 3.6 (8 RNGS
9 0.2 0.19 1.14 5.51 1o S 7
10 0.05 0.19 113 5.560 1.08 i

the float. The natural frequency (w,) of a tethefed float whose mass is small with
respect to the mass of displaced water is given by (Agerton et af.. 1976)

n= "g/Cm'l) (15)
where C,, = 1 + &

and resonant frequency (w,) by
w, = w, V1 -2p2. (16)
For a typical tethered float of radius 1.2 m and tether length 7.35-m, natural and
resonant frequencies are computed for a wide range of wave periods. Natural and
resonant periods (7, and T,) of oscillation of the float are presented in Table 1. The
natural period of the float varies from 5.64 to 6.28 sec, and the resonant period from
5.66 to 6.28 sec. Both T, and T, are well within the limits of wave perieds considered.

4.1.  Experimental results of natural period of floats

Simple experiments were conducted in the wave .flume to determine the patural
period of oscillation of the float. The float was given a displacement in the horizontal
direction and allowed to oscillate freely in a no-wave condition. From the number of
oscillations and time duration, natural period was estimated. Similar tests were conduc-
ted for various float sizes, water depths and depths of submergence of floats. The
results in Table 2 show that T, increases with an increase in float size and tether length

TABLE 2. NATURAL PERIOD OF OSCILLATION OF FLOAT

Float size Tether length Water depth Depth of submergence Natural pericd

(em) {cm) {cm) {cm) (scc)
117.5 25 173

15 90 122.5 75 1.70

127.5 12.5 1.06

132.0 2.0 2.00

20 100 136.5 6.5 1.83
F40.0 10.0 -

131.0 Lty 210

30 90 137.0 7.0 2_ {0

143.0 13.0 .90
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TABLE 3. COMPARISON OF WAVE FORCE CALCULATED FROM INCIDENT
AND MOTION GENERATED VELOCITY POTENTIALS

p 7 S
015 15.924.98 17.846.90
0.18 18.200.44 14,550.30
0.19 19.359.62 20.086.02
0.19 20.414.39 20,090.80
(.19 20.981.34 20009110
0.19 21,3747 20.091.10
0.19 21.635.09 2008110

and diminishes with increase in depth of submergence of floats. The natural period of
the floats (prototype) varies from 4.4 10 6.4 sec for the wave periods 4.8-9.4 sec
considered in the experimental study.

4.2, Wave force and damping coefficient

Newman (1962) has showed that a relationship exists between wave exciting force
amplitude (|f,.) and damping coefficient (). For a two-dimensional problem this
relationship can be written as

'pg?

Efn' - Au N’ (.l) B { |7)

where A, 1s the wave amplitude.
Applying Equation (17) to the present problem, one obtains
/—,

P

1]‘1\1:3'5‘411\ (IH)

Using Equation (18), f. has been cstimated and the values presented in Table 3.
Wave-exciting forces calculated from incident wave potential (Vethamony ef al., 1991)
as well as trom damping coefficient show good agreement. This fact shows that wave
excitation force can also be indirectly estimated from the motion generaled velocity
potential using the above relationship.

5. CONCLUSION

A method of estimating added-mass and damping coefficients from the motian
generated velocity potential is presented. Variations of added-mass and damping coef-
ficients for a single mode of motion (surge) have been studied with respect to wave
period and float size. The effect of depth of submergence of floats on added-mass and
damping coefficients has not been determincd, which is a limitation of this study. A
relationship is established between the wave exciting force amplitude and the damping
coefficient of a tethered spherical float.
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